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Abstract
We formulate a generalization of Higgs effective field theory (HEFT) including arbitrary number
of extra neutral and charged Higgs bosons (generalized HEFT, GHEFT) to describe non-minimal
electroweak symmetry breaking models. Using the geometrical form of the GHEFT Lagrangian,
which can be regarded as a nonlinear sigma model on a scalar manifold, it is shown that the scalar
boson scattering amplitudes are described in terms of the Riemann curvature tensor (geometry) of
the scalar manifold and the covariant derivatives of the potential. The coefficients of the one-loop
divergent terms in the oblique correction parameters S and U can also be written in terms of
the Killing vectors (symmetry) and the Riemann curvature tensor (geometry). It is found that
perturbative unitarity of the scattering amplitudes involving the Higgs bosons and the longitudinal
gauge bosons demands the flatness of the scalar manifold. The relationship between the finiteness
of the electroweak oblique corrections and perturbative unitarity of the scattering amplitudes is
also clarified in this language: we verify that once the tree-level unitarity is ensured, then the
one-loop finiteness of the oblique correction parameters S and U is automatically guaranteed.
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I. INTRODUCTION
What is the origin of the electroweak symmetry breaking (EWSB)? In the standard
model (SM) of particle physics, the EWSB is caused by a vacuum expectation value of a
complex scalar field (SM Higgs field), which linearly transforms under the SU(2)W ×U(1)Y
electroweak gauge symmetry. The Higgs sector of the SM is constructed to be minimal,
as it includes only a scalar boson (SM Higgs boson) and three would-be Nambu-Goldstone
bosons eaten by massive gauge bosons after the EWSB. There are no cousin particles of
Higgs in the SM. The scalar particle discovered by the ATLAS and CMS experiments in
2012 with the mass of 125GeV [1, 2] can now be successfully interpreted as the SM(-like)
Higgs boson.
The Higgs sector in the SM, however, does not ensure the stability of the EWSB scale
against quantum corrections. In other words, the SM itself cannot explain why the EWSB
scale is an order of 100GeV, much smaller than its cutoff scale such as Planck (or Grand
Unification) scale. The SM Higgs sector is therefore inherently incomplete. It should be
extended. Many extensions/generalizations of the SM Higgs sector, such as Two Higgs
Doublet Model [3–24], Composite Higgs Models [25–34], Georgi-Machacek Model [35–38],
etc., have been proposed. The 125GeV Higgs boson accompanies extra Higgs particles in
these scenarios.
The Effective Field Theory (EFT) approach is widely used to study these beyond-SM
(BSM) physics in a model independent manner. The physics below 1TeV can be described
by the Standard Model Effective Field Theory (SMEFT) [39–66], which parametrizes the
BSM contributions using the coefficients of SM field higher dimensional operators. The
SMEFT is successful if the BSM particles are much heavier than 1TeV and they decouple
from the low energy physics. The SMEFT cannot be applied, however, if the heavy BSM
particles do not decouple from the low energy physics. The Higgs Effective Field Theory
(HEFT) [67–83] should be applied instead. These existing EFTs cannot be applied if there
exist BSM particles lighter than 1TeV. We should include these BSM particles explicitly in
the EFT approach.
In this paper, we propose a generalization of HEFT (GHEFT) for this purpose. As in the
HEFT, GHEFT is based on the electroweak chiral perturbation theory (EWChPT) [84–89].
In GHEFT, the BSM particles, as well as the 125GeV Higgs boson, are introduced as matter
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particles in the Callan-Coleman-Wess-Zumino (CCWZ) construction [90–92] of EWChPT.
Note that the longitudinal gauge boson scattering amplitudes exceed perturbative uni-
tarity limits at high energy in the EWChPT. The GHEFT couplings should satisfy special
conditions, known as the unitarity sum rules [93–95], to keep the amplitudes perturbative in
the high energy scatterings, if the model is considered to be ultraviolet (UV) complete. We
also note that the EWChPT is not renormalizable. The UV completed GHEFT couplings
should satisfy the finiteness conditions in order to cancel these UV divergences.
The GHEFT can also be described in a geometrical language using the scalar manifold
metric, as discussed in Refs. [96, 97] in the HEFT context. We point out that both the
scalar scattering amplitudes and the one-loop UV divergences in the electroweak oblique
correction parameters S and U [98] are described by using the Riemann curvature tensor
(geometry) and the Killing vectors (symmetry) of the scalar manifold. Therefore, both the
unitarity sum rules and the oblique correction finiteness conditions are described in terms of
the geometry and the symmetry. We find that the perturbative unitarity is ensured by the
flatness of the scalar manifold (vanishing Riemann curvature). We also find that the diver-
gences in the oblique correction parameters (S and U parameters) are canceled if a subset
of the perturbative unitarity conditions and the SU(2)W ×U(1)Y gauge symmetry are satis-
fied. These findings generalize our previous observation [99] which relates the perturbative
unitarity to the one-loop finiteness of the oblique correction parameters1.
This paper is organized as follows: in §. II we introduce the GHEFT Lagrangian at its
lowest order (O(p2)). We investigate the scalar boson scattering amplitudes in §. III. §. IV
and §. V are for one-loop computations with and without the gauge boson contributions. The
relationship between the perturbative unitarity and the one-loop finiteness of the oblique
correction parameters is clarified in §. VI. We conclude in §. VII.
II. GENERALIZED HEFT LAGRANGIAN OF SU(2)W × U(1)Y → U(1)em
The electroweak chiral perturbation theory (EWChPT) [84–89] provides a systematic
framework to describe the low energy phenomenologies of the electroweak symmetry break-
ing physics. It utilizes the electroweak chiral Lagrangian method for parametrizing the
1 Possible relations between the unitarity and the renormalizabilty have also been investigated in gravity
models. See Refs. [100–104].
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non-decoupling corrections, which appear ubiquitously in models with strongly interact-
ing electroweak symmetry breaking sector. Although the original version of the EWChPT
was constructed to be a Higgsless theory [84–87, 94, 95, 105–114], after the discovery of
the 125GeV Higgs particle, the EWChPT is extended to the Higgs Effective Field Theory
(HEFT) [67–83], incorporating the 125 GeV Higgs particle h as a neutral spin-0 matter
particle in the electroweak chiral Lagrangian. Introducing functions F(h) and V (h), which
parametrize the phenomenological properties of the 125GeV Higgs, the HEFT provides a
systematic description for a neutral spin-0 particle in the electroweak symmetry breaking
sector, including the one-loop radiative corrections [72–83]. It can parametrize the low en-
ergy properties of the 125GeV Higgs particle in the strongly interacting model context, as
well as weakly interacting model context.
We need to generalize the HEFT further (generalized HEFT, GHEFT), if we want to
introduce extra Higgs particles other than the discovered 125GeV Higgs particle. It is
not trivial to introduce non-singlet extra particles in the EWChPT, however, since the
electroweak gauge symmetry SU(2)W ×U(1)Y is realized nonlinearly in the EWChPT. The
interaction Lagrangian needs to be arranged carefully to make the theory invariant under
the electroweak gauge symmetry SU(2)W × U(1)Y .
These extra non-singlet Higgs particles can be regarded as matter particles in the
EWChPT Lagrangian context. The Callan-Coleman-Wess-Zumino (CCWZ) formulation
[90–92] provides an ideal framework for the concrete construction of the matter particle
interaction Lagrangian in a manner consistent with the nonlinear sigma model symmetry
structure. See, e.g., Refs. [115, 116] for earlier studies on these non-singlet matter particles
in QCD chiral perturbation theory and EWChPT, respectively.
In this section, we apply the CCWZ formulation for the construction of the GHEFT
Lagrangian.
A. Electroweak chiral Lagrangian
For simplicity, in this subsection, we consider the EWChPT Lagrangian in the gaugeless
limit, i.e., gW = gY = 0. The couplings with the electroweak gauge fields will be introduced
in §. II C. The electroweak symmetry G = [SU(2)W ×U(1)Y ] is broken spontaneously to the
H = U(1)em symmetry in the SM Higgs sector. The most general scalar sector Lagrangian
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consistent with the symmetry breaking structure G/H = [SU(2)W ×U(1)Y ]/U(1)em can be
constructed as the CCWZ nonlinear sigma model Lagrangian on the coset space G/H . The
coset manifold G/H = [SU(2)W × U(1)Y ]/U(1)em is coordinated by the Nambu-Goldstone
(NG) boson fields πa (a = 1, 2, 3) as
ξW (x) = exp
(
i
∑
a=1,2
πa(x)
τa
2
)
, (1)
ξY (x) = exp
(
iπ3(x)
τ 3
2
)
, (2)
with τa (a = 1, 2, 3) being Pauli spin matrices. Under the G = [SU(2)W × U(1)Y ] transfor-
mation,
gW ∈ SU(2)W , gY ∈ U(1)Y , (3)
these NG boson fields transform as
ξW (x)→ ξ
′
W (x) = gW ξW (x) h
†(π, gW , gY ) , (4)
ξY (x)→ ξ
′
Y (x) = h(π, gW , gY ) ξY (x) g
†
Y . (5)
Here h(π, gW , gY ) is an element of the unbroken group H , which is determined to pull-
back the coset space coordinates to their original forms (1) and (2). Note that the H
transformation h(π, gW , gY ) depends not only on the SU(2)W and U(1)Y elements gW and
gY , but also on the NG boson fields π(x). The NG boson fields π
a (a = 1, 2, 3) therefore
transform nonlinearly under the G symmetry.
It is useful to introduce objects called Maurer-Cartan (MC) one-forms αa⊥µ (a = 1, 2, 3)
defined as
αa⊥µ = tr
[
1
i
ξ†W (∂µξW )τ
a
]
, (a = 1, 2) (6)
and
α3⊥µ = tr
[
1
i
ξ†W (∂µξW )τ
3
]
+ tr
[
1
i
(∂µξY )ξ
†
Y τ
3
]
. (7)
Although the NG boson fields π transform nonlinearly, these MC one-forms transform ho-
mogeneously, i.e.,∑
a=1,2
αa⊥µ
τa
2
→ h(π, gW , gY )
(∑
a=1,2
αa⊥µ
τa
2
)
h†(π, gW , gY ) , (8)
α3⊥µ
τ 3
2
→ h(π, gW , gY )
(
α3⊥µ
τ 3
2
)
h†(π, gW , gY ) , (9)
6
under the G symmetry. We see that the MC one-forms transform as
αa⊥µ → [ρα(h)]
a
bα
b
⊥µ , (10)
with ρα(h) being a 3× 3 matrix
ρα(h) = exp
(
iθh(π, gW , gY )Qα
)
, h = exp
(
iθh(π, gW , gY )
τ 3
2
)
. (11)
In the expression (10) and hereafter, summation
∑
b=1,2,3
is implied whenever an index b is
repeated in a product. Here the NG boson charge matrix Qα is defined by
Qα =
−σ2
0
 , (12)
with σ2 being the Pauli spin matrix
σ2 =
 0 −i
+i 0
 . (13)
It is now straightforward to construct the lowest order (O(p2)) G invariant Lagrangian
of the NG bosons:
Lpi =
1
2
G
(0)
ab α
a
⊥µ α
bµ
⊥ (14)
with
G
(0)
ab =
1
4

v2
v2
v2Z
 . (15)
The Lagrangian can be rewritten as
Lpi =
v2
4
tr
[
(∂µU
†) (∂µU)
]
−
v2Z − v
2
8
tr
[
U †(∂µU)τ
3
]
tr
[
U †(∂µU)τ 3
]
, (16)
with
U := ξW ξY . (17)
It should be emphasized here that v and vZ (decay constants of π
1,2 and π3) are independently
adjustable parameters in the EWChPT on theG/H = [SU(2)W×U(1)Y ]/U(1)em coset space.
Phenomenologically preferred relation
ρ :=
v2
v2Z
≃ 1 (18)
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is realized only by a parameter tuning v ≃ vZ in this setup
2.
B. Matter particles coupled with the electroweak chiral Lagrangian
Thanks to the homogeneous transformation properties of the MC one-forms (10), matter
particles can be introduced easily in the CCWZ formulation of the EWChPT Lagrangian
(16).
We consider a set of real scalar matter fields φI , which transforms homogeneously as
φI → [ρφ(h)]
I
J φ
J , (19)
under the unbroken group H . Here ρφ(h) stands for a representation matrix
ρφ(h) = exp
(
iθhQφ
)
, h = exp
(
iθh
τ 3
2
)
, (20)
with Qφ being a hermitian matrix. Note here that the h transformation depends on the NG
boson fields π(x). It therefore is a local transformation depending on the spacetime point x.
If the set of scalar matter particles consists of nN species of neutral particles and nC species
of charged particles, the matrix Qφ can be expressed as a (2nC + nN)× (2nC + nN ) matrix
Qφ =

−q1σ2
. . .
−qnCσ2
0
. . .
0

. (21)
Here qi (i = 1, 2, · · ·nC) are the charges of the scalar matter particles. Since h is a local
transformation, ∂µφ
I transforms non-homogeneously under h. In order to write a kinetic
2 It is possible to introduce custodial symmetry to justify the tuning. The standard model, in fact, possesses
the custodial symmetry in its gaugeless and Yukawa-less limit. See, e.g., Ref. [117] for the HEFT power
counting rules and how custodial symmetry violating terms are organized therein. We do not introduce
the custodial symmetry here, however, since it is not relevant with the main findings in the present paper.
The restrictions on the GHEFT Lagrangian parameters coming from the custodial requirements and its
power counting rules will be studied in a separate publication.
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term for the matter field φI , we therefore introduce a covariant derivative of the matter field
φI :
(Dµφ)
I = ∂µφ
I + iV3µ [Qφ]
I
J φ
J , (I, J = 1, 2, · · · , 2nC + nN) . (22)
We take the connection V3µ as
V3µ = −tr
[
1
i
(∂µξY )ξ
†
Y τ
3
]
+ cα3⊥µ , (23)
with c being an arbitrary constant. Hereafter we take c = 0 for simplicity. The covariant
derivative (22) transforms homogeneously
(Dµφ)
I → [ρφ(h)]
I
J (Dµφ)
J , (24)
as we designed so in Eq. (22). It is now straightforward to write down an O(p2) EWChPT
Lagrangian including additional scalar bosons with arbitrary charges:
L =
1
2
Gabα
a
⊥µα
bµ
⊥ +GaIα
a
⊥µ(D
µφ)I +
1
2
GIJ(Dµφ)
I(Dµφ)J − V . (25)
Here Gab, GaI , GIJ and V are functions of the scalar fields φ
I . Also, Gab, GaI and GIJ
transform homogeneously as multiplets of corresponding representations. They satisfy3
Gab
∣∣∣∣
φ=0
= G
(0)
ab , GaI
∣∣∣∣
φ=0
= 0 , GIJ
∣∣∣∣
φ=0
= δIJ , (26)
and
∂
∂φI
V
∣∣∣∣
φ=0
= 0 ,
∂
∂φJ
∂
∂φI
V
∣∣∣∣
φ=0
= M2I δIJ , (27)
with MI being the φ
I boson mass. The second and the third conditions in Eq. (26) can
be achieved by redefining the scalar field φI in the Lagrangian. The first condition in
Eq. (26) ensures that the extended Lagrangian (25) reproduces the lowest order EWChPT
Lagrangian (14) in the absence of Higgs particles φI . The stability around the vacuum φ = 0
is guaranteed by the conditions (27).
C. Electroweak gauge fields
It is easy to introduce the electroweak gauge fields W aµ (a = 1, 2, 3) and Bµ in our
EWChPT Lagrangian (25). When the gauge coupling is switched on, we just need to
3 Eqs. (26) and (27) are understood to be the tree-level matching conditions between GHEFT and EWChPT.
They may be modified beyond the tree-level. See, e.g., Refs.[118, 119].
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replace the derivatives ∂µξW and ∂µξY by the covariant derivatives:
DµξW = ∂µξW − igWW
a
µ
τa
2
ξW , (28)
DµξY = ∂µξY + igY ξYBµ
τ 3
2
, (29)
with gW and gY being the SU(2)W and U(1)Y gauge coupling strengths, respectively.
The lowest order (O(p2)) GHEFT Lagrangian is therefore
L =
1
2
Gabαˆ
a
⊥µαˆ
bµ
⊥ +GaI αˆ
a
⊥µ(D
µφ)I +
1
2
GIJ(Dµφ)
I(Dµφ)J − V
−
1
4
W aµνW
aµν −
1
4
BµνB
µν , (30)
with
αˆa⊥µ = tr
[
1
i
ξ†W (∂µξW )τ
a
]
− gW tr
[
ξ†WW
b
µ
τ b
2
ξW τ
a
]
, (a = 1, 2) (31)
and
αˆ3⊥µ = tr
[
1
i
ξ†W (∂µξW )τ
3
]
+ tr
[
1
i
(∂µξY )ξ
†
Y τ
3
]
− gW tr
[
ξ†WW
b
µ
τ b
2
ξW τ
3
]
+ gYBµ . (32)
We define the covariant derivative of the matter fields (Dµφ)
I
(Dµφ)
I = ∂µφ
I + iVˆ3µ[Qφ]
I
Jφ
J , (33)
with
Vˆ3µ = −tr
[
1
i
(∂µξY )ξ
†
Y τ
3
]
− gYBµ . (34)
It should be noted that the GHEFT Lagrangian (30) reproduces HEFT Lagrangian [67–
83] for nN = 1 and nC = 0. Here φ
I=h stands for the 125 GeV Higgs boson field. In the
HEFT, GaI and GIJ are taken as
Gah = 0 , Ghh = 1 . (35)
Gab is tuned to be
Gab =
v2
4
F(h)δab . (36)
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D. Geometrical form of the O(p2) GHEFT Lagrangian
The lowest order (O(p2)) GHEFT Lagrangian (30) can also be expressed in a geometrical
form:
L =
1
2
gij(φ)Dµφ
iDµφj − V (φ)−
1
4
W aµνW
aµν −
1
4
BµνB
µν , (37)
where φi stands a scalar field multiplet containing both Higgs bosons φI and the NG bosons
πa as its component, i.e.,
{φi} = {πa , φI} . (38)
The geometrical form of the GHEFT Lagrangian (37) can be understood as a gauged non-
linear sigma model on a scalar manifold. The scalar manifold (internal space) is coordinated
by the scalar multiplet φi. Both the metric gij(φ) and the potential V (φ) are functions of
φi. They should be invariant under the SU(2)W × U(1)Y transformation:
0 = wkagij,k + (w
k
a),igkj + (w
k
a),jgik , (39)
0 = ykgij,k + (y
k),igkj + (y
k),jgik , (40)
0 = wkaV,k , (41)
0 = ykV,k , (42)
with
gij,k :=
∂
∂φk
gij , V,k :=
∂
∂φk
V , (wka),i :=
∂
∂φi
wka , (y
k),i :=
∂
∂φi
yk . (43)
The SU(2)W and U(1)Y Killing vectors are denoted by w
k
a (a = 1, 2, 3) and y
k, respectively,
in Eqs. (39)–(42). The GHEFT Lagrangian (30) provides the most general and systematic
method to construct the geometrical form of the Lagrangian (37) having these symmetry
properties (39)–(42). The translation dictionary from the GHEFT Lagrangian (30) to the
geometrical form (37) is given in appendix A.
The SU(2)W × U(1)Y gauge interactions are introduced in the scalar sector through the
covariant derivative
Dµφ
i = ∂µφ
i + gWW
a
µw
i
a(φ) + gYBµy
i(φ) . (44)
It should be noted that the gauge fields interact with the scalar sector through the SU(2)W×
U(1)Y Killing vectors w
i
a and y
i.
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The scalar potential V (φ) should be minimized at the vacuum,
〈φi〉 = φ¯i . (45)
Note that, since the electroweak symmetry is spontaneously broken at the vacuum, the
vacuum φi = φ¯i cannot be a fixed point of the SU(2)W × U(1)Y transformation, i.e.,
wia(φ¯) 6= 0 , y
i(φ¯) 6= 0 . (46)
It should be a fixed point of the U(1)em transformation,
wi3(φ¯) + y
i(φ¯) = 0, (47)
however. The electroweak gauge bosons (W and Z) acquire their masses
M2W ∝ g
2
Wgij(φ¯)w
i
1(φ¯)w
j
1(φ¯) , M
2
Z ∝ (g
2
W + g
2
Y )gij(φ¯)w
i
3(φ¯)w
j
3(φ¯) . (48)
The Killing vectors at the vacuum (46) therefore play the role of the Higgs vacuum expecta-
tion value in the SM. It should be emphasized that the vanishing scalar vacuum expectation
value φ¯i = 0 does not imply the electroweak symmetry recovery in the GHEFT Lagrangian.
Actually, in the GHEFT coordinate (38), even though the vacuum expectation values of the
scalar fields are all vanishing φ¯i = 0, the electroweak symmetry is still spontaneously broken
by the non-vanishing Killing vectors at the vacuum (46).
The dynamical excitation fields ϕi are obtained after the expansion around the vacuum,
φi = φ¯i + ϕi . (49)
The scalar manifold metric gij is expanded as
gij = g¯ij + g¯ij,k ϕ
k +
1
2
g¯ij,kl ϕ
kϕl + · · · , (50)
with
g¯ij := gij(φ¯), g¯ij,k :=
∂
∂φk
gij(φ)
∣∣∣∣
φ=φ¯
, g¯ij,kl :=
∂
∂φl
∂
∂φk
gij(φ)
∣∣∣∣
φ=φ¯
, · · · . (51)
In a similar manner, the potential term is expanded as
V (φ) = V¯ + V¯,iϕ
i +
1
2
V¯,ijϕ
iϕj +
1
3!
V¯,ijkϕ
iϕjϕk +
1
4!
V¯,ijklϕ
iϕjϕkϕl + · · · , (52)
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with
V¯ := V
∣∣∣∣
φ=φ¯
, V¯,i :=
∂
∂φi
V
∣∣∣∣
φ=φ¯
, V¯,ij :=
∂
∂φj
∂
∂φi
V
∣∣∣∣
φ=φ¯
, · · · . (53)
Since the potential V is minimized at the vacuum, the potential should satisfy
V¯,i = 0 . (54)
The scalar manifold is coordinated by the scalar field multiplet φi. Hereafter, we normal-
ize/diagonalize the coordinate φi as
g¯ij = δij , (55)
and
V¯,ij = δijm
2
i , (56)
so that the excitation fields ϕi are canonically normalized and diagonalized.
III. SCALAR SCATTERING AMPLITUDES AND PERTURBATIVE UNITAR-
ITY
We next consider implications of the perturbative unitarity in the GHEFT framework.
It is well known that, in the effective field theory framework, the longitudinally polarized
electroweak (EW) gauge boson scattering amplitudes grow in the high energy and tend to
cause violations of the perturbative unitarity [120, 121]. The effective field theory coupling
constants need to be arranged to keep the perturbative unitarity in the high energy gauge
boson scattering amplitudes.
For such a purpose, we use the equivalence theorem between the longitudinally polarized
gauge boson scattering amplitudes and the corresponding would-be NG boson amplitudes
[122–126]. The equivalence theorem allows us to estimate the longitudinally polarized gauge
boson high energy scattering amplitudes by using the NG boson amplitudes in the gaugeless
limit i.e., gW = gY = 0 with uncertainty of O(M
2
W/E
2). The computation of the amplitudes
is simplified greatly in the gaugeless limit.
Note that the energy growing behavior in the longitudinal polarized gauge bosons am-
plitudes is exactly canceled in the SM [122, 127–129]. The energy growing behavior coming
from the EW gauge boson exchange and contact interaction diagrams is exactly canceled by
the Higgs exchange diagram in the SM. The Higgs boson plays an essential role to keep the
perturbative unitarity in the SM.
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On the other hand, it is highly non-trivial whether the cancellation of the energy growing
terms does work or not in the GHEFT. In fact, in order to ensure the cancellation, the cou-
pling strengths between the Higgs boson(s) and the EW gauge bosons should satisfy special
conditions known as the “unitarity sum rules” [93–95]. The unitarity sum rules provide a
guiding principle to investigate the extended Higgs scenarios in a model-independent man-
ner. Model-independent studies on extended EWSB scenarios have been done based on the
unitarity argument [70, 93, 99, 130, 131].
We estimate the amplitudes of EW gauge boson scattering by the NG boson scattering
with the help of the equivalence theorem. In subsequent subsections, we explicitly calculate
the on-shell amplitudes among the scalar fields ϕi in the gaugeless limit, and express the
unitarity sum rules in terms of the scalar manifold’s geometry.
A. Scalar scattering amplitudes
We consider here an N -point on-shell scalar scattering amplitude at the tree-level,
iM(123 · · ·N) := iM(ϕi1(p1), ϕ
i2(p2), ϕ
i3(p3), · · · , ϕ
iN (pN )) , (57)
with pn and in (n = 1, 2, · · · , N) being outgoing momenta and the particle species, respec-
tively.
We define
sn1 := p
2
n1
, sn1n2 := (pn1 + pn2)
2 , sn1n2n3 := (pn1 + pn2 + pn3)
2 , · · · . (58)
External momenta pn are taken on-shell,
sn = m
2
in . (59)
We note
sn1n2n3 = sn1n2 + sn2n3 + sn1n3 −m
2
in1
−m2in2 −m
2
in3
, · · · . (60)
The N -point amplitude (57) can thus be written as a function of the scalar particle masses
m2i and the generalized Mandelstam variables sn1n2.
As we will show explicitly below, the three- and four-point on-shell scattering amplitudes
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are described in terms of the geometry of the scalar manifold,
iM(123) = −iV¯;(i1i2i3) , (61)
iM(1234) = iM(1234) + iM(125) [D(s12)]i5i6 iM(346)
+ iM(135) [D(s13)]i5i6 iM(246) + iM(145) [D(s14)]i5i6 iM(236) , (62)
with
iM(1234) = −iV¯;(i1i2i3i4) −
i
3
(
R¯i1i3i4i2 + R¯i1i4i3i2
)
s12
−
i
3
(
R¯i1i2i4i3 + R¯i1i4i2i3
)
s13 −
i
3
(
R¯i1i2i3i4 + R¯i1i3i2i4
)
s14 , (63)
and
[D(s)]ij :=
i
s−m2i
g¯ij . (64)
Here V¯;(i1i2i3), V¯;(i1i2i3i4) and R¯i1i2i3i4 stand for the totally symmetrized covariant derivatives
of the potential and the Riemann curvature tensor of the scalar manifold at the vacuum.
Let us start with the three-point scalar scattering amplitude M(123). The interaction
vertices relevant for this amplitude are
L3 =
1
2
g¯ij,k ϕ
k(∂µϕ
i)(∂µϕj)−
1
3!
V¯,ijk ϕ
iϕjϕk , (65)
at the tree-level. It is straightforward to evaluate the on-shell three-point amplitude
iM(123) =
i
2
(g¯i1i2,i3 + g¯i2i1,i3)(−p1 · p2) +
i
2
(g¯i2i3,i1 + g¯i3i2,i1)(−p2 · p3)
+
i
2
(g¯i3i1,i2 + g¯i1i3,i2)(−p3 · p1)− iV¯,i1i2i3
=
i
2
g¯i1i2,i3
(
m2i1 +m
2
i2
− s12
)
+
i
2
g¯i2i3,i1
(
m2i2 +m
2
i3
− s23
)
+
i
2
g¯i3i1,i2
(
m2i3 +m
2
i1 − s31
)
− iV¯,i1i2i3 , (66)
from the vertices in (65). The conservation of the total momentum
pµ1 + p
µ
2 + p
µ
3 = 0 ,
implies
s12 = (p1 + p2)
2 = p23 = m
2
i3 ,
and similarly
s23 = m
2
i1
, s31 = m
2
i2
.
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The on-shell three-point amplitude (66) can therefore be expressed as
iM(123) =
i
2
g¯i1i2,i3
(
m2i1 +m
2
i2
−m2i3
)
+
i
2
g¯i2i3,i1
(
m2i2 +m
2
i3
−m2i1
)
+
i
2
g¯i3i1,i2
(
m2i3 +m
2
i1
−m2i2
)
− i V¯,i1i2i3
=
i
2
m2i1
(
g¯i1i2,i3 + g¯i1i3,i2 − g¯i2i3,i1
)
+
i
2
m2i2
(
g¯i2i3,i1 + g¯i2i1,i3 − g¯i3i1,i2
)
+
i
2
m2i3
(
g¯i3i1,i2 + g¯i3i2,i1 − g¯i1i2,i3
)
− i V¯,i1i2i3 . (67)
Note that the m2i1 , m
2
i2
and m2i3 are related with the second derivative of the potential V,ij
by (56). The first derivative of the metric tensor in the interaction vertex (65) is related
with the the Affine connection Γljk
gilΓ
l
jk :=
1
2
[gij,k + gki,j − gjk,i] . (68)
The amplitude (67) can then be rewritten as
iM(123) = i V¯,i1lΓ¯
l
i2i3 + i V¯,i2lΓ¯
l
i3i1 + i V¯,i3lΓ¯
l
i1i2 − i V¯,i1i2i3 , (69)
with Γ¯ljk being the Affine connection at the vacuum
Γ¯ljk := Γ
l
jk
∣∣∣∣
φ=φ¯
. (70)
Our final task is to rewrite the amplitude (69) in terms of the covariant derivatives of the
potential V . It is straightforward to show
V;ijk = V,ijk − (Γ
l
ij),kV,l − Γ
l
ijV,lk − Γ
l
ikV,lj − Γ
l
jkV,li + Γ
l
ikΓ
m
ljV,m + Γ
l
jkΓ
m
li V,m . (71)
Since the first derivative of the potential vanishes at the vacuum, we obtain
V¯;ijk = V¯,ijk − Γ¯
l
ijV¯,lk − Γ¯
l
ikV¯,lj − Γ¯
l
jkV¯,li . (72)
Moreover, as we see in (72), V¯;ijk is symmetric under the i↔ j, i↔ k and j ↔ k exchanges.
We therefore obtain
V¯;(ijk) :=
1
3!
[
V¯;ijk + V¯;jki + V¯;kij + V¯;ikj + V¯;kji + V¯;jik
]
= V¯;ijk . (73)
It is now easy to obtain a geometrical formula for the three-point amplitude
iM(123) = −iV¯;(i1i2i3) . (74)
16
We next consider the four-point amplitude
iM(1234) = iM0(1234)
+ iM(12[5])[D(s12)]i5i6iM(34[6])
+ iM(13[5])[D(s13)]i5i6iM(24[6])
+ iM(14[5])[D(s14)]i5i6iM(23[6]) , (75)
where the first line comes from the four-point contact interaction vertices, while the second,
the third and the fourth lines are from the i5-particle exchange diagrams in the s12, s13
and s14 channels, respectively. The three-point amplitude M(ij[k]) is for on-shell i and j,
allowing off-shell k-particle.
We first study M(12[5]),
M(12[5]) = −V¯;(125) + g¯i5i′5Γ¯
i′
5
i1i2
(s12 −m
2
i5
) , (76)
which can be related with the on-shell three-point amplitude M(125) as
M(12[5]) =M(125) + g¯i5i′5Γ¯
i′
5
i1i2
(s12 −m
2
i5
) . (77)
It is easy to rewrite the amplitude (75) as
iM(1234) = iM(1234)
+iM(125)[D(s12)]i5i6iM(346)
+iM(135)[D(s13)]i5i6iM(246)
+iM(145)[D(s14)]i5i6iM(236) , (78)
with M(1234) being
M(1234) = M0(1234)− g¯i5i6Γ¯
i5
i1i2
Γ¯i6i3i4(s12 −m
2
i5)
−g¯i5i6Γ¯
i5
i1i3
Γ¯i6i2i4(s13 −m
2
i5
)− g¯i5i6Γ¯
i5
i1i4
Γ¯i6i2i3(s14 −m
2
i5
)
+V¯;(i1i2i5)Γ¯
i5
i3i4
+ V¯;(i1i3i5)Γ¯
i5
i2i4
+ V¯;(i1i4i5)Γ¯
i5
i2i3
+V¯;(i2i3i5)Γ¯
i5
i1i4
+ V¯;(i2i4i5)Γ¯
i5
i1i3
+ V¯;(i3i4i5)Γ¯
i5
i1i2
. (79)
The evaluation of the four-point contact interaction contribution is a bit tedious but
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straightforward. We obtain
iM0(1234) = −iV¯,i1i2i3i4
+
i
2
[
− (g¯i1i2,i3i4 + g¯i3i4,i1i2) s12 − (g¯i1i3,i2i4 + g¯i2i4,i1i3) s13
− (g¯i1i4,i2i3 + g¯i2i3,i1i4) s14
+ (g¯i1i2,i3i4 + g¯i1i3,i2i4 + g¯i1i4,i2i3)m
2
i1 + (g¯i2i1,i3i4 + g¯i2i3,i1i4 + g¯i2i4,i1i3)m
2
i2
+ (g¯i3i1,i2i4 + g¯i3i2,i1i4 + g¯i3i4,i1i2)m
2
i3
+ (g¯i4i1,i2i3 + g¯i4i2,i1i3 + g¯i4i3,i1i2)m
2
i4
]
.
(80)
Combining these results, we obtain a geometrical formula for the on-shell four-point ampli-
tude
iM(1234) = −iV¯;(i1i2i3i4) −
i
3
(
R¯i1i3i4i2 + R¯i1i4i3i2
)
s12
−
i
3
(
R¯i1i2i4i3 + R¯i1i4i2i3
)
s13 −
i
3
(
R¯i1i2i3i4 + R¯i1i3i2i4
)
s14 . (81)
We used the on-shell condition
s12 + s13 + s14 = m
2
i1
+m2i2 +m
2
i3
+m2i4 , (82)
in the computation above. Here R¯ijkl and V¯;(ijkl) denote the Riemann curvature tensor and
the totally symmetrized covariant derivatives of the potential at the vacuum:
R¯ijkl := Rijkl
∣∣∣∣
φ=φ¯
, V¯;(ijkl) := V;(ijkl)
∣∣∣∣
φ=φ¯
. (83)
We here give formulas to compute R¯ijkl and V¯;(ijkl) from the metric tensor gij and the
potential V :
R¯ijkl =
1
2
(g¯il,jk + g¯jk,il − g¯ik,jl − g¯jl,ik) + g¯mn
(
Γ¯mil Γ¯
n
jk − Γ¯
m
ikΓ¯
n
jl
)
, (84)
and
V¯;(ijkl) = V¯,ijkl − V¯,ijmΓ¯
m
kl − V¯,klmΓ¯
m
ij − V¯,ikmΓ¯
m
jl − V¯,jlmΓ¯
m
ik − V¯,ilmΓ¯
m
jk − V¯,jkmΓ¯
m
il
+ V¯,mn
[
Γ¯mij Γ¯
n
kl + Γ¯
m
ikΓ¯
n
jl + Γ¯
m
il Γ¯
n
jk
]
+ Aijkl + Ajikl + Akijl + Alijk , (85)
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with
Aijkl :=
1
6
V¯,img¯
mn [g¯jk,nl + g¯kl,nj + g¯jl,nk − 2(g¯nj,kl + g¯nk,jl + g¯nl,jk)]
+ V¯,im
[
Γ¯mjnΓ¯
n
kl + Γ¯
m
knΓ¯
n
jl + Γ¯
m
lnΓ¯
n
jk
]
+
1
3
V¯,img¯
mp
[
Γ¯qpjΓ¯
n
kl + Γ¯
q
pkΓ¯
n
jl + Γ¯
q
plΓ¯
n
jk
]
g¯qn . (86)
B. Perturbative unitarity
As we have shown in Eq. (81), the scalar four-point amplitude M(1234) contains the
energy-squared terms proportional to s12, s13 and s14. This implies that the perturbative
unitarity of the scattering amplitude is generally violated at certain high energy scale in
the GHEFT (37). In order to keep the perturbative unitarity in the high energy limit,
the GHEFT Lagrangian should satisfy special conditions known as the unitarity sum rules
[93–95]. We here give a geometrical interpretation for the unitarity sum rules.
Applying the on-shell condition
s12 + s13 + s14 = m
2
i1 +m
2
i2 +m
2
i3 +m
2
i4 (87)
in the four-point amplitude (81) we obtain
iM(1234) =−
i
3
(R¯i1i3i4i2 + R¯i1i4i3i2 − R¯i1i2i3i4 − R¯i1i3i2i4)s12
−
i
3
(R¯i1i2i4i3 + R¯i1i4i2i3 − R¯i1i2i3i4 − R¯i1i3i2i4)s13 +O(E
0). (88)
Therefore, the unitarity sum rules can be summarized in the geometrical language as
R¯i1i3i4i2 + R¯i1i4i3i2 − R¯i1i2i3i4 − R¯i1i3i2i4 = 0 , (89)
R¯i1i2i4i3 + R¯i1i4i2i3 − R¯i1i2i3i4 − R¯i1i3i2i4 = 0 . (90)
Note that the Riemann curvature tensor Rijkl is antisymmetric under the k ↔ l exchange:
Rijkl ≡ −Rijlk . (91)
The unitarity sum rules (89) can thus be rewritten as
2R¯i1i3i4i2 − R¯i1i4i2i3 − R¯i1i2i3i4 = 0 . (92)
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The Bianchi identity
Rijkl +Riklj +Riljk ≡ 0 (93)
can be expressed as
−R¯i1i4i2i3 − R¯i1i2i3i4 ≡ R¯i1i3i4i2 , (94)
which enables us to simplify the unitarity sum rules (92) further. We obtain the sum rules
(89) can be expressed in a simple form:
3R¯i1i3i4i2 = 0 . (95)
The unitarity sum rules (89) and (90) can be expressed in a compact form:
R¯ijkl = 0 . (96)
Note that the unitarity sum rules (96) imply the flatness of the scalar manifold only at the
vacuum. The unitarity conditions (96) is lifted to
Rijkl = 0 , (97)
i.e., the complete flatness of the entire scalar manifold at least in the vicinity of the vacuum,
by imposing the perturbative unitarity in the arbitrary N -point amplitudes. See appendix.
B for details.
The perturbative unitarity is violated at the certain high energy scale in an extended
Higgs scenario with a curved scalar manifold. For instance, if we consider the HEFT with
F(h) = (1 + (κV h)/v)
2 and take κV < 1, the corresponding scalar manifold has non-zero
curvature proportional to 1−κ2V [96, 97]. The model causes the violation of the perturbative
unitarity at Λ ∼ 4πv/(1 − κ2V )
1/2. In that case, we need to introduce new particles with
mass m . Λ and/or to consider non-perturbative effects for ensuring the unitarity in the
model.
IV. ONE-LOOP DIVERGENCES IN THE GAUGELESS LIMIT
As we have shown in the previous section, the tree-level perturbative unitarity requires
the GHEFT scalar manifold should be flat at the vacuum. What does this imply at the
loop level, then? Refs. [96, 97] investigated the structure of the one-loop divergences in
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the nonlinear sigma model Lagrangian (37). They found the logarithmic divergences in the
scalar one-loop integral are described in the gaugeless limit by
∆Lϕ−loopdiv =
1
(4π)2ǫ
[
1
12
tr(YµνY
µν) +
1
2
tr(X2)
]
. (98)
Here ǫ is defined as
ǫ := 4−D, (99)
with D being the spacetime dimension. Yµν and X are defined as
[Yµν ]
i
j = R
i
jkl(Dµφ)
k(Dνφ)
l +W aµν(w
i
a);j +Bµν(y
i);j , (100)
[X ]ik = R
i
jkl(Dµφ)
j(Dµφ)l + gijV;jk , (101)
with
(wia);j =
∂
∂φj
wia + Γ
i
ljw
l
a , (y
i);j =
∂
∂φj
yi + Γiljy
l , (102)
and Rijkl = g
imRmjkl.
Remember that the perturbative unitarity implies the flatness at the vacuum,
R¯ijkl = 0 . (103)
It is easy to see that the unitarity condition (103) is enough to guarantee the absence of the
divergences in the (∂µφ)
4 type operators, which affect the scalar boson high energy four-point
scattering amplitudes. The flatness of the scalar manifold at the vacuum (103) also automat-
ically guarantees the absence of the divergences in the anomalous triple gauge boson opera-
tors. These findings are in accord with the general expectations on the connections between
perturbative unitarity and the absence of new counterterms in the one-loop divergences and
also with the explicit heat kernel computations presented in Refs. [79, 81, 82, 96, 97].
The divergence structure in the operators proportional to
W aµνW
bµν , W aµνB
µν , BµνB
µν , (104)
is not manifest, however. Note that the oblique correction parameters S and U [98] are
related with the gauge-kinetic-type operators listed in (104). There is no obvious reason
to ensure the absence of the one-loop divergences in the S and U parameters even in the
perturbatively unitary models.
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Moreover, the one-loop divergence formula (98) does not include quantum corrections
arising from the gauge-boson loop diagrams, which should be evaluated to deduce the con-
clusion on the divergence structure for the oblique correction parameters.
In what follows, we explicitly perform the one-loop calculations for both the scalar and
gauge loop diagrams. Our results are consistent with those of Refs. [81, 82], in which the
complete one-loop divergence formulas including gauge-loops and fermionic loop corrections
are obtained. Picking the UV divergent parts from the one-loop functions, we investigate
the relationship between the divergence structure and tree-level perturbative unitarity.
V. OBLIQUE CORRECTIONS AND FINITENESS CONDITIONS
A. Vacuum polarization functions at one-loop
The electroweak oblique correction parameters S and U are defined as
S := 16π(Π′33(0)−Π
′
3Q(0)) , (105)
U := 16π(Π′11(0)−Π
′
33(0)) , (106)
with Π′A(0) being
Π′A(0) :=
d
dp2
ΠA(p
2)
∣∣∣∣
p2=0
. (107)
Here ΠA(p
2) stands for the non-SM contribution to the gauge boson vacuum polarization
function in the A-channel. Π11(p
2) and Π33(p
2) are charged and neutral weak SU(2)W
current correlators at momentum p, respectively. Π3Q(p
2) is the correlator between the
neutral weak SU(2)W current and the electromagnetic current. Note that, in the GHEFT,
a number of scalar particles other than the 125GeV Higgs contribute to ΠA(p
2) at loop.
The oblique correction parameter T is related with Veltman’s ρ parameter [132],
αT := ρ− 1 , ρ =
v20
4
+ Π11(0)
v2Z0
4
+ Π33(0)
, (108)
with v0 and vZ0 being the “bare” parameters corresponding to the charged and neutral would-
be NG boson decay constants v and vZ . The GHEFT Lagrangian loses its predictability on
the T -parameter, if we allow to introduce independent counter terms for v and vZ .
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FIG. 1: Feynman diagrams for tadpole contributions to Π11(0) and Π33(0) and their counter terms.
On the other hand, if we assume the counter terms for v and vZ are related with each
other,
v20 = v
2 (1 + δv) , v
2
Z0 = v
2
Z (1 + δv) , (109)
the ρ is calculated as
ρ =
v2
v2Z
1 + δv +
4
v2
Π11(0)
1 + δv +
4
v2Z
Π33(0)
(110)
and we regain a counter-term independent predictability on the ρ parameter
ρ =
v2
v2Z
(
1 + αT˜
)
, (111)
with
αT˜ := 4
(
1
v2
Π11(0)−
1
v2Z
Π33(0)
)
. (112)
In what follows, we calculate Π11, Π33, and Π3Q at one-loop level in the GHEFT and derive
the required conditions for ensuring the UV finiteness of Eqs. (105), (106) and (112). We
apply a background field method [133–138] to calculate the vacuum polarization functions
to keep the gauge invariance. See Appendix C for the details of the calculation. Although
there exist UV divergences in Π11(0) and Π33(0) associated with tadpole diagrams as shown
in Figure 1, we assume these UV divergences are canceled by the corresponding tadpole
counter terms.
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FIG. 2: Feynman diagrams for Πϕϕ11 , Π
ϕϕ
33 , and Π
ϕϕ
3Q. The internal lines correspond to ϕ fields.
1. Scalar loop
Let us start with the scalar loop corrections to the vacuum polarization functions. The
relevant Feynman diagrams are shown in Figure 2, which are evaluated to be
Πϕϕ3Q(p
2) =
1
(4π)2
[
−2
∑
i,j
(w¯i3);j
(
(w¯j3);i + (y¯
j);i
)
B22(p
2, m2i , m
2
j )
+
∑
i,j
(w¯i3);j
(
(w¯j3);i + (y¯
j);i
)
A(m2i )
]
, (113)
and
Πϕϕbc (p
2) =
1
(4π)2
[
−2
∑
i,j
(w¯ib);j (w¯
j
c);iB22(p
2, m2i , m
2
j)
+
∑
i,j
[
(w¯ib);j (w¯
j
c);i + g¯
ij (w¯kb ) (w¯
l
c) R¯kilj
]
A(m2i )
]
, (114)
for b, c = 1, 2, 3. Here (w¯ia);j and (y¯
i);j denote the covariant derivatives of the Killing vectors
at the vacuum,
(w¯ia);j := (w
i
a);j
∣∣∣∣
φ=φ¯
, (y¯i);j := (y
i);j
∣∣∣∣
φ=φ¯
. (115)
A and B22 are loop functions defined as
i
(4π)2
A(m2) =
∫
d4k
(2π)4
1
k2 −m2
, (116)
i
(4π)2
B22(p
2;m21, m
2
2) =
∫
d4k
(2π)4
kµkν
(k2 −m21) {(k + p)
2 −m22}
∣∣∣∣
gµν
. (117)
2. Scalar-Gauge loop
We next calculate the Feynman diagrams shown in Figure 3. In the ’t Hooft-Feynman
gauge, we obtain
ΠϕV3Q (p
2) = 0 , (118)
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FIG. 3: Feynman diagrams for ΠϕV11 , Π
ϕV
33 , and Π
ϕV
3Q . The internal lines correspond to ϕ and gauge
fields.
and
ΠϕVbc (p
2) = −
4
(4π)2
[∑
a=1,2
∑
i,j
g¯ij (GWa)
i
b (GWa)
j
c B0(p
2,M2W , m
2
i )
+
∑
i,j
g¯ij (GZ)
i
b (GZ)
j
c B0(p
2,M2Z , m
2
i ) +
∑
i,j
g¯ij (GA)
i
b (GA)
j
c B0(p
2, 0, m2i )
]
,
(119)
for b, c = 1, 2, 3. Here (GWa)
i
b, (GZ)
i
b, (GA)
i
b are defined as
(GWa)
i
b := gW (w¯
i
a);j w¯
j
b , (a = 1, 2) (120)
(GZ)
i
b :=
1√
g2W + g
2
Y
[
g2W (w¯
i
3);j − g
2
Y (y¯
i);j
]
w¯jb , (121)
(GA)
i
b :=
gWgY√
g2W + g
2
Y
[
(w¯i3);j + (y¯
i);j
]
w¯jb (122)
and
M2W =
g2W
4
v2 , M2Z =
g2W + g
2
Y
4
v2Z . (123)
B0 is defined as
i
(4π)2
B0(p
2;m21, m
2
2) =
∫
d4k
(2π)4
1
(k2 −m21) {(k + p)
2 −m22}
. (124)
3. Gauge and Faddeev-Popov (FP) ghost loop
Finally, we calculate the contributions which are independent of the scalar interactions.
The relevant Feynman diagrams are depicted in Figure 4. In the ’t Hooft-Feynman gauge,
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FIG. 4: Feynman diagrams for ΠGauge,cc11 , Π
Gauge,cc
33 , and Π
Gauge,cc
3Q . The wavy and dotted lines
correspond to gauge fields and Faddeev-Popov ghost fields, respectively.
we find the gauge bosons contributions are given by
ΠGauge11 (p
2) = ΠGauge22 (p
2)
=
4
(4π)2
[
−A(M2W )− c
2
WA(M
2
Z)− s
2
WA(0)
+ 2p2
(
c2WB0(p
2;M2Z ,M
2
W ) + s
2
WB0(p
2; 0,M2W )
)
+ 4
(
c2WB22(p
2;M2Z ,M
2
W ) + s
2
WB22(p
2; 0,M2W )
)]
, (125)
ΠGauge33 (p
2) =
8
(4π)2
[
p2B0(p
2;M2W ,M
2
W ) + 2B22(p
2;M2W ,M
2
W )−A(M
2
W )
]
, (126)
ΠGauge3Q (p
2) =
8
(4π)2
[
p2B0(p
2;M2W ,M
2
W ) + 2B22(p
2;M2W ,M
2
W )−A(M
2
W )
]
, (127)
and Faddeev-Popov (FP) ghost contributions are calculated as
Πcc11(p
2) = Πcc22(p
2)
=
2
(4π)2
[
A(M2W ) + c
2
WA(M
2
Z) + s
2
WA(0)
− 4
(
c2WB22(p
2;M2Z ,M
2
W ) + s
2
WB22(p
2; 0,M2W )
)]
, (128)
Πcc33(p
2) = −
4
(4π)2
[
2B22(p
2;M2W ,M
2
W )− A(M
2
W )
]
, (129)
Πcc3Q(p
2) = −
4
(4π)2
[
2B22(p
2;M2W ,M
2
W )− A(M
2
W )
]
. (130)
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Here sW and cW are
sW =
gY
gZ
, cW =
gW
gZ
, gZ =
√
g2W + g
2
Y . (131)
B. Finiteness of the oblique corrections
We are now ready to derive the UV finiteness conditions for the oblique correction pa-
rameters at the one-loop level, i.e., the finiteness of Eqs. (105), (106) and (112).
For the estimation of the UV divergences, we regularize the loop functions A, B0, and
B22 by employing the dimensional regularization. The loop functions are expanded as
A(m2) = −Λ2 +m2 ln
Λ2
µ2
− (4π)2Ar(m), (132)
B0(p
2, m21, m
2
2) = ln
Λ2
µ2
+ (4π)2Br(m1, m2, p
2), (133)
B22(p
2, m21, m
2
2) = −
1
2
Λ2 +
1
4
(
m21 +m
2
2 −
p2
3
)
ln
Λ2
µ2
+
1
4
(4π)2B0r(m1, m2, p
2), (134)
where the terms proportional to Λ2 and lnΛ2 correspond to the terms proportional to
1/(2 − D) and 1/(4 − D), respectively. D and µ denote the spacetime dimension and
the renormalization scale, respectively. Ar, Br, and B0r are Λ-independent (µ-dependent)
functions. The explicit expressions of the Λ-independent functions are given in Ref. [99].
1. S and U parameter
Let us focus on the UV divergences in Eqs. (105) and (106). Combining the results
derived in subsection VA and Eqs. (132)-(134), we find that the UV divergent parts of S
and U are given as
Sdiv = −
1
12π
(w¯i3);j(y¯
j);i ln
Λ2
µ2
, (135)
Udiv =
1
12π
(
(w¯i1);j(w¯
j
1);i − (w¯
i
3);j(w¯
j
3);i
)
ln
Λ2
µ2
. (136)
The gauge boson loops do not contribute to the one-loop divergences in S and U pa-
rameters. These results are thus identical with the results computed in the gaugeless limit
[96, 97].
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2. Π11(0) and Π33(0)
The UV divergences in Eq. (112) other than the tadpole contributions can also be ex-
tracted using Eqs. (132)-(134). We obtain(
1
v2
Π11(0)−
1
v2Z
Π33(0)
)
div
=
(
1
v2
Π11(0)−
1
v2Z
Π33(0)
)
Λ2
+
(
1
v2
Π11(0)−
1
v2Z
Π33(0)
)
lnΛ2
,
(137)
where(
1
v2
Π11(0)−
1
v2Z
Π33(0)
)
Λ2
=−
1
(4π)2
[
1
v2
(w¯i1)(w¯
j
1)−
1
v2Z
(w¯i3)(w¯
j
3)
]
R¯ikjl g¯
klΛ2 , (138)
and(
1
v2
Π11(0)−
1
v2Z
Π33(0)
)
ln Λ2
=
1
(4π)2
[
1
v2
(w¯i1)(w¯
j
1)−
1
v2Z
(w¯i3)(w¯
j
3)
]
×
×
{
−4g2W (w¯
k
a);i (w¯
l
a);j g¯kl − 4g
2
Y (y¯
k);i (y¯
l);j g¯kl + R¯ikjl (M˜
2)kl
}
ln
Λ2
µ2
, (139)
with (M˜2)kl being the scalar boson mass matrix in the ’t Hooft-Feynman gauge:
(M˜2)ij := g¯ikg¯jlV¯;kl + g
2
W (w¯
i
a)(w¯
j
a) + g
2
Y (y¯
i)(y¯j) , V¯;ij := V;ij
∣∣∣∣
φ=φ¯
. (140)
VI. PERTURBATIVE UNITARITY VS. FINITENESS CONDITIONS
We are now ready to discuss the implications of the perturbative unitarity to the one-
loop finiteness of the oblique correction parameters. We first concentrate ourselves on the
S-parameter, the UV-divergence of which is given by Eq. (135). As we stressed in §. IV,
since there are no obvious connections between the Riemann curvature tensor (geometry)
Rijkl and the SU(2)W × U(1)Y Killing vectors (symmetry) w
i
a and y
i, the relation between
the perturbative unitarity R¯ijkl = 0 and the one-loop finiteness of the S-parameter is not
evidently understood in Eq. (135).
We note, however, that the scalar manifold should be invariant under the SU(2)W×U(1)Y
transformations, and thus the Killing vectors should satisfy the Killing equations,
0 = (wka)gij,k + (w
k
a),igkj + (w
k
a),jgik , 0 = (y
k)gij,k + (y
k),igkj + (y
k),jgik . (141)
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There do exit connections between the geometry (Rijkl) and the symmetry (w
i
a and y
i)
embedded in the Killing equations Eqs. (141). Moreover, the Killing vectors wia and y
i
should obey the SU(2)W × U(1)Y Lie algebra,
[wa , wb] = εabcwc , [wa , y] = 0 , (142)
with
wa := w
i
a
∂
∂φi
, y := yi
∂
∂φi
. (143)
The connections can be studied most easily if we take the Riemann Normal Coordinate
(RNC) around the vacuum φ¯, in which the metric tensor gij(φ) can be expressed in a Taylor-
expanded form around φ¯ as,
gij(φ) = δij −
1
3
R¯ikjlϕ
kϕl + · · · , (144)
with
δij = g¯ij = gij(φ)
∣∣∣∣
φ=φ¯
, R¯ijkl = Rijkl
∣∣∣∣
φ=φ¯
. (145)
Solving the Killing equations (141) in terms of the Taylor expansion around the vacuum,
wia = w¯
i
a + (w¯
i
a),jϕ
j +
1
2!
(w¯ia),jkϕ
jϕk + · · · , (146)
yi = y¯i + (y¯i),jϕ
j +
1
2!
(y¯i),jkϕ
jϕk + · · · , (147)
we find the Taylor expansion coefficients satisfy
0 = g¯ik(w¯
k
a),j + g¯jk(w¯
k
a),i , (148)
0 = g¯ik(y¯
k),j + g¯jk(y¯
k),i , (149)
(w¯ia),jk =
1
3
(
R¯ijkl + R¯
i
kjl
)
w¯la , (150)
(y¯i),jk =
1
3
(
R¯ijkl + R¯
i
kjl
)
y¯l , (151)
...
There certainly exist connections between the geometry Rijkl and the symmetry w
i
a and y
i
in Eqs. (150) and (151). However, Eqs. (150) and (151) are not enough to clarify the relation
between the perturbative unitarity and the S-parameter coefficient in (135). Note that the
S-parameter coefficient is written in terms of the first derivative of the Killing vectors (w¯ia);j
and (y¯i);j . We need physical principles to relate (w¯
i
a);j and (y¯
i);j with the second derivatives
29
(w¯ia),jk and (y¯
i),jk. Actually, the SU(2)W × U(1)Y Lie algebra (symmetry) (142) plays the
role. Plugging Eqs. (150) and (151) into Eq. (142), we obtain
(Ta)j
i =
1
2
εabc ([Tb, Tc])j
i +
1
2
εabc(w¯
k
b ) (w¯
l
c) R¯
i
jkl , (152)
0 = ([Ta, TY ])j
i + (w¯ka) (y¯
l) R¯ijkl , (153)
with Ta and TY being matrices denoting the first derivatives of the SU(2)W ×U(1)Y Killing
vectors at the vacuum,
(Ta)j
i := (w¯ia),j , (TY )j
i := (y¯i),j . (154)
It is now easy to show
tr(T3TY ) =
1
2
ε3bctr([Tb, Tc]TY ) +
1
2
ε3bc(w¯
k
b ) (w¯
l
c) R¯
i
jkl(TY )i
j
=
1
2
ε3bctr([Tc, TY ]Tb) +
1
2
ε3bc(w¯
k
b ) (w¯
l
c) R¯
i
jkl(TY )i
j
= −
1
2
ε3bc(w¯
k
c ) (y¯
l) R¯ijkl(Tb)i
j +
1
2
ε3bc(w¯
k
b ) (w¯
l
c) R¯
i
jkl(TY )i
j
=
1
2
ε3bc(w¯
k
c ) (w¯
l
3) R¯
i
jkl(Tb)i
j +
1
2
ε3bc(w¯
k
b ) (w¯
l
c) R¯
i
jkl(TY )i
j . (155)
In the last line of Eq. (155), we used the fact that U(1)em is unbroken at the vacuum Eq. (47),
i.e.,
0 = w¯i3 + y¯
i . (156)
Eq. (155) can be rewritten in a covariant form
(w¯i3);j (y¯
j);i =
1
2
(
ε3bc (w¯
k
c ) (w¯
l
3) R¯
i
jkl (w¯
j
b);i + ε3bc (w¯
k
b ) (w¯
l
c) R¯
i
jkl (y¯
j);i
)
. (157)
In a similar manner, we obtain the divergent coefficient in the U -parameter (136),
(w¯i1);j (w¯
j
1);i − (w¯
i
3);j (w¯
j
3);i =
1
2
(
ε1bc(w¯
k
b ) (w¯
l
c) R¯
i
jkl (w¯
j
1);i − ε3bc(w¯
k
b ) (w¯
l
c) R¯
i
jkl (w¯
j
3);i
)
.
(158)
Combining Eqs. (135), (136), (157), and (158), we find
Sdiv = −
1
12π
(
ε3bc(w¯
k
c ) (w¯
l
3) R¯
i
jkl (w¯
j
b);i + ε3bc(w¯
k
b ) (w¯
l
c) R¯
i
jkl (y¯
j);i
)
ln
Λ2
µ2
, (159)
Udiv =
1
12π
(
ε1bc(w¯
k
b ) (w¯
l
c) R¯
i
jkl (w¯
j
1);i − ε3bc(w¯
k
b ) (w¯
l
c) R¯
i
jkl (w¯
j
3);i
)
ln
Λ2
µ2
. (160)
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The relation between the symmetry and the geometry hidden in the expressions (135)
and (136) is now unveiled in the expressions (159) and (160). The one-loop divergences of
both S and U are proportional to the Riemann curvature tensor R¯ijkl at the vacuum. Once
the four-point tree-level unitarity is ensured, i.e., R¯ijkl = 0, then the one-loop finiteness of
S and U is automatically guaranteed in Eqs. (159) and (160). 4
The physical implications of the S and U parameter formulas (159) and (160) can be
studied more closely. Note that both of them vanishes when
(w¯kb ) (w¯
l
c) R¯ijkl = 0 , (161)
even if there might exist non-vanishing R¯ijkl. What does the condition (161) imply, then?
Combining the equivalence theorem and the results presented in §. III, we see that the con-
dition (161) ensures the tree-level unitarity of the high energy p-wave scattering amplitude
in the
πb πc → ϕi ϕj (162)
channel. In the high energy limit, the amplitude (162) corresponds to the V bLV
c
L → ϕ
i ϕj
scattering amplitudes because of the equivalence theorem. Here V aL stands for the longitu-
dinally polarized massive gauge bosons, V 1,2L = W
1,2
L and V
3
L = ZL. The one-loop finiteness
of the S and U parameters does not require a completely flat scalar manifold: the scattering
amplitudes ϕiϕj → ϕkϕl other than the NG boson channels may still violate the tree-level
unitarity. Once the p-wave tree-level unitarity in the channel (162) is somehow ensured, it
is potentially possible to construct strongly interacting EWSB models without violating the
one-loop finiteness of the S and U parameters.
Moreover, as we see in Appendix D, the covariant derivative of the Killing vector (wic);j
is related with the light-fermion scattering amplitudes
f f¯ → ϕi ϕj . (163)
Here f (and f¯) stands for light quarks or leptons (light anti-quarks or anti-leptons). The
coefficients in front of the logarithmic divergences in Eqs. (159) and (160) can be expressed
4 The relation between the one-loop S divergence and the flatness of the scalar manifold was also pointed out
in Ref. [96] in the context of the HEFT framework, in which the connection can be seen more manifestly
than in the GHEFT framework.
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in a form
(wkb ) (w
l
c) R¯
i
jkl(w¯
j
a);i . (164)
This suggests that, assuming negligibly small tree-level O(p4) contributions, the precise
measurements of the S and U parameters can be used to constrain the high energy scattering
amplitudes in
V bL V
c
L → ϕ
i ϕj , f f¯ → ϕi ϕj (165)
channels, which can be tested in future collider experiments.
Finally we make a comment on the UV finiteness condition of (137). We find that the
UV finiteness of (137) is not ensured solely by the flatness of the scalar manifold. For an
example, even if we assume that the scalar manifold is completely flat and v = vZ at the
tree-level, an extra condition
[
(w¯i1)(w¯
j
1)− (w¯
i
3)(w¯
j
3)
] [
g2W (w¯
k
a);i (w¯
l
a);j g¯kl + g
2
Y (y¯
k);i (y¯
l);j g¯kl
]
= 0 . (166)
is required to ensure the finiteness of the one-loop T -parameter correction. The Georigi-
Machacek model [35–38] is one of examples where the condition (166) is not satisfied. We
need to introduce independent counter terms for v and vZ in these models.
VII. SUMMARY
We have formulated a generalized Higgs effective field theory (GHEFT), which includes
extra Higgs particles other than the 125 GeV Higgs boson as a low energy effective field
theory describing the electroweak symmetry breaking. The scalar scattering amplitudes are
expressed by the geometry (Riemann curvature) and the symmetry (Killing vectors) of the
scalar manifold in the GHEFT. The one-loop radiative corrections to electroweak oblique
corrections are also expressed in terms of geometry and symmetry of the scalar manifold.
By using the results, we have clarified the relationship between the perturbative unitarity
and the UV finiteness of oblique corrections in the GHEFT.
Especially, we have shown that once the tree-level unitarity is ensured, then the S and
U parameters’ one-loop finiteness is automatically guaranteed. The tree-level perturbative
unitarity in the scalar amplitudes requires the complete flatness of the scalar manifold at the
vacuum. On the other hand, the one-loop finiteness of electroweak oblique correction does
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not require the complete flatness. The findings enable us to verify that tree-level unitarity
condition is stronger than the one-loop UV finiteness condition in extended Higgs scenarios.
We also found connections between the coefficients of S and U parameter divergences and
the particle scattering amplitudes which can be measured in future collider experiments.
We emphasize that future precision measurements of the discovered Higgs couplings, cross
section, and oblique parameters are quite important for investigating the geometry and sym-
metry of the scalar manifold in the generalized Higgs sector. Combining collider/precision
experimental data with our effective theoretical approach, we should be able to obtain new
prospects of the physics beyond the SM.
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Appendix A: A symmetry-geometry dictionary
The metric tensor gij(φ) in the geometrical form Lagrangian (37) can be computed from
the symmetry form Lagrangian (30). We obtain
g11 = G11 −G13π
2 +
1
3
(
−G11π
2π2 +G12π
1π2
)
+
1
4
G33π
2π2 +O((π)3) , (A1)
g12 = G12 +
1
2
(
G13π
1 −G23π
2
)
+
1
6
(
G11π
1π2 +G22π
1π2 −G12π
1π1 −G12π
2π2
)
−
1
4
G33π
1π2 +O((π)3) , (A2)
g13 = G13 −
1
2
G33π
2 +
1
6
(
−G13π
2π2 +G23π
1π2
)
−G1I [iQφ]
I
Jφ
J
(
1−
1
6
π2π2
)
+
1
2
G3I [iQφ]
I
Jφ
Jπ2 −
1
6
G2I [iQφ]
I
Jφ
Jπ1π2 +O((π)3) , (A3)
g22 = G22 +G23π
1 +
1
3
(
−G22π
1π1 +G12π
1π2
)
+
1
4
G33π
1π1 +O((π)3) , (A4)
g23 = G23 +
1
2
G33π
1 +
1
6
(
G13π
1π2 −G23π
1π1
)
−G2I [iQφ]
I
Jφ
J
(
1−
1
6
π1π1
)
−
1
2
G3I [iQφ]
I
Jφ
Jπ1 −
1
6
G1I [iQφ]
I
Jφ
Jπ1π2 +O((π)3) , (A5)
g33 = G33 − 2G3I [iQφ]
I
Jφ
J +GIJ [iQφ]
I
K [iQφ]
J
Lφ
KφL , (A6)
g1I = G1I +
1
2
G3Iπ
2 −
1
6
G1Iπ
2π2 +
1
6
G2Iπ
1π2 +O((π)3) , (A7)
g2I = G2I +
1
2
G3Iπ
1 +
1
6
G1Iπ
1π2 −
1
6
G2Iπ
1π1 +O((π)3) , (A8)
g3I = G3I −GIJ [iQφ]
J
Kφ
K , (A9)
gIJ = GIJ . (A10)
Note that the scalar multiplet φi in the geometrical form Lagrangian (37) contains both the
NGB bosons π1, π2, π3 and the Higgs bosons φI as its component, i.e.,
{φi} = {π1, π2, π3, φI} . (A11)
The SU(2)W × U(1)Y Killing vectors w
i
a and y
i are introduced through the covariant
derivative (44) in the geometrical form Lagrangian (37). These Killing vectors can be deter-
mined from the infinitesimal SU(2)W × U(1)Y transformation properties (4), (5) and (19).
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They are
(w1)
1 = 1−
1
3
π2π2 +O((π)4) , (A12)
(w1)
2 =
1
3
π1π2 +O((π)4) , (A13)
(w1)
3 = −
1
2
π2 −
1
24
(π1π1 + π2π2)π2 +O((π)4) , (A14)
(w1)
I = −
1
2
π2[iQφ]
I
Jφ
J −
1
24
(π1π1 + π2π2)π2[iQφ]
I
Jφ
J +O((π)4) , (A15)
(w2)
1 =
1
3
π1π2 +O((π)4) , (A16)
(w2)
2 = 1−
1
3
π1π1 +O((π)4) , (A17)
(w2)
3 =
1
2
π1 +
1
24
(π1π1 + π2π2)π1 +O((π)4) , (A18)
(w2)
I =
1
2
π1[iQφ]
I
Jφ
J +
1
24
(π1π1 + π2π2)π1[iQφ]
I
Jφ
J +O((π)4) , (A19)
(w3)
1 = π2 , (A20)
(w3)
2 = −π1 , (A21)
(w3)
3 = 1 , (A22)
(w3)
I = [iQφ]
I
Jφ
J , (A23)
(y)1 = 0 , (A24)
(y)2 = 0 , (A25)
(y)3 = −1 , (A26)
(y)I = 0 . (A27)
Appendix B: N-point amplitude
Let us consider the Taylor expansion of the scalar manifold metric tensor gij(φ) around
the vacuum point φ¯i,
gij(φ) = g¯ij + G¯ijk ϕ
k +
1
2
G¯ijkl ϕ
kϕl +
1
3!
G¯ijklm ϕ
kϕlϕm +
1
4!
G¯ijklmn ϕ
kϕlϕmϕn + · · · , (B1)
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with φi = φ¯i + ϕi. The Taylor coefficients can be expressed in terms of the covariant
derivatives of the Riemann curvature tensor in RNC. They are [139, 140]
g¯ij = δij , (B2)
G¯ijk = 0 , (B3)
G¯ijkl =
2
3
R¯iklj , (B4)
G¯ijklm = R¯iklj;m , (B5)
G¯ijklmn =
6
5
R¯iklj;mn +
16
15
R¯ikloR¯
o
mnj (B6)
...
with
R¯ijkl := Rijkl
∣∣∣∣
φ=φ¯
, R¯ijkl;m := Rijkl;m
∣∣∣∣
φ=φ¯
, R¯ijkl;mn := Rijkl;mn
∣∣∣∣
φ=φ¯
, · · · . (B7)
The one-particle-irreducible on-shell N -point amplitude M(12 · · ·N) can thus be expressed5
as
iM(12 · · ·N) = −
i
2
∑
m<n
smnG¯(imin)(i1i2···ˇim···ˇin···iN ) , (B8)
in the gaugeless flat-potential (V = 0) scalar model. Scalar particles are all massless in this
model. The indices inside parentheses are understood to be totally symmetrized. The check
symbols on top of iˇm and iˇn in the sequence i1i2 · · · iˇm · · · iˇn · · · iN denote the absence of the
corresponding indices, i.e.,
i1i2 · · · iˇm · · · iˇn · · · iN = i1i2 · · · im−1 im+1 · · · in−1 in+1 · · · iN . (B9)
We show, in this appendix, that the perturbative unitarity up to the N -point amplitudes
requires
R¯i1i2i3i4 = 0 , R¯i1i2i3i4;i5 = 0 , R¯i1i2i3i4;i5i6 = 0 , · · · R¯i1i2i3i4;i5···iN = 0 . (B10)
The scalar manifold needs to be completely flat at least in the vicinity of the vacuum. It
should be stressed here, even though we already have a compact expression for the N -point
5 Eq. (B8) can be regarded as a geometrical manifestation of Weinberg’s soft-theorem in on-shell amplitudes.
See Ref. [141], for an exampe, for a recent review on the computational techniques of various on-shell
amplitudes including nonlinear sigma models.
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amplitude (B8), it is nontrivial to obtain the unitarity condition (B10), since the generalized
Mandelstam variables smn need to satisfy the momentum conservation conditions
N∑
n=1
smn = 0 , (B11)
and the conditions coming from the four-dimensional space-time (Gram determinant condi-
tions) [142]. We need to make full use of the Riemann tensor symmetry in order to deduce
our conclusions (B10).
N = 4
Let us start with the analysis on the four-point scattering amplitude. We compute the
amplitude in the limit
s := s12 = s34 = −s13 = −s24 6= 0 , s14 = s23 = 0 . (B12)
Clearly the momentum conservation conditions (B11) are satisfied in (B12). The Gram
determinant conditions do not give extra conditions in N = 4.
In the limit above, the four-point on-shell amplitude behaves as
M(1234) ∝ sA(1234) , (B13)
with
A(1234) := {(12)|(34)}+ {(34)|(12)} − {(13)|(24)} − {(24)|(13)} . (B14)
Here we introduce an abbreviation for the Riemann curvature tensor
{12|34} := R¯i1i3i4i2 . (B15)
The indices inside parentheses are, again, understood to be totally symmetrized.
Considering the amplitude (B13) for large s, we see the perturbative unitarity requires
A(1234) = 0 . (B16)
Using the Riemann curvature tesor symmetry
{12|34} = −{32|14} = −{14|32} = {34|12} = {21|43} , (B17)
and the first Bianchi identity
{12|34}+ {13|42}+ {14|23} = 0 , (B18)
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the coefficient A(1234) can be computed as
A(1234) = 2{(12)|(34)} − 2{(13)|(24)}
= {12|34}+ {12|43} − {13|24} − {13|42}
= {12|34} − {13|42}+ {14|23} − {13|42}
= −3{13|42} . (B19)
It is now easy to see that the perturbative unitarity requires the vanishing Riemann curvature
tensor at the vacuum,
R¯i1i4i2i3 = 0 . (B20)
Taking the external lines i1, · · · , i4 arbitrary, the result (B20) requires R¯ijkl = 0, which is
enough to guarantee the perturbative unitarity in the arbitrary four-point amplitudes given
in the form of Eq. (B8). The considerations in the limit (B12) thus provide necessary and
sufficient conditions for the perturbative unitarity in the four-point amplitudes.
N = 5
We next consider the five-point scattering amplitude. Again, we consider the amplitude in
the limit
s := s12 = s34 = −s13 = −s24 6= 0 , s14 = s23 = s15 = s25 = s35 = s45 = 0 . (B21)
Note that the fifth particle is considered to be very soft.
We introduce an abbreviation for the covariant derivative of the Riemann curvature
tensor,
{12|34; 5} := R¯i1i3i4i2;i5 . (B22)
The five-point amplitude in the limit behaves as
M(12345) ∝ sA(12345) , (B23)
with
A(12345) := {(12)|(34; 5)}+ {(34)|(12; 5)} − {(13)|(24; 5)} − {(24)|(13; 5)} . (B24)
Using
{(12)|(34; 5)} =
1
3
{(12)|(34); 5}+
1
3
{(12)|(35); 4}+
1
3
{(12)|(45); 3} , (B25)
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we obtain
A(12345) =
1
3
{
{(12)|(34); 5}+ {(34)|(12); 5} − {(13)|(24); 5} − {(24)|(13); 5}
}
+
1
3
{
{(43)|(25); 1} − {(42)|(35); 1}
}
+
1
3
{
{(34)|(15); 2} − {(31)|(45); 2}
}
+
1
3
{
{(21)|(45); 3} − {(24)|(15); 3}
}
+
1
3
{
{(12)|(35); 4} − {(13)|(25); 4}
}
.
(B26)
The first line in (B26) can be computed easily using the result on the four-point amplitude.
The second and the third lines can also be computed in a manner similar to Eq. (B19). We
find
A(12345) = −{13|42; 5} −
1
2
{42|53; 1} −
1
2
{31|54; 2} −
1
2
{24|51; 3} −
1
2
{13|52; 4} . (B27)
Eq. (B27) can be simplifed further with the help of the second Bianchi identity
{12|34; 5}+ {14|35; 2}+ {15|32; 4} = 0 . (B28)
We obtain
A(12345) = −{13|42; 5} −
1
2
{
{24|35; 1}+ {25|31; 4}
}
−
1
2
{
{13|45; 2}+ {15|42; 3}
}
= −{13|42; 5}+
1
2
{21|34; 5}+
1
2
{12|43; 5}
= −2{13|42; 5} . (B29)
The perturbative unitarity in the five-point amplitude thus requires
R¯i1i3i4i2;i5 = 0 . (B30)
It is easy to see that Eq. (B30) gives necessary and sufficient conditions for the perturbative
unitarity in the five-point amplitudes.
N = 6
It is now straightforward to derive the perturbative unitarity conditions for the six-point
amplitude M(123456). It will be turned out considerations in the limit
s := s12 = s34 = −s13 = −s24 6= 0 , (B31)
are enough. Generalized Mandelstam variables other than s12,s34,s13 and s24 are taken to
be zero. Note that the fifth-particle and the sixth-particle are both considered to be very
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soft in this limit. Note also this choice of the Mandelstam variables is consistent with the
momentum conservation constraints and the Gram determinant constraints.
We already know the Riemann curvature tensor R¯ijkl vanishes at the vacuum thanks to
the perturabative unitarity of the four-point amplitude. We therefore concentrate ourselves
to the R¯ijkl;mn term in (B6). The six-point amplitude coming from the R¯ijkl;mn term in (B6)
behaves as
M(123456) ∝ sA(123456) , (B32)
with
A(123456) := {(12)|(34; 56)}+ {(34)|(12; 56)} − {(13)|(24; 56)} − {(24)|(13; 56)} . (B33)
Here we introduce an abbreviation
{12|34; 56} := R¯i1i3i4i2;i5i6 . (B34)
Using
{(12)|(34; 56)} =
1
6
{(12)|(34); (56)}+
1
6
{(12)|(56); (34)}+
1
6
{(12)|(35); (46)}
+
1
6
{(12)|(46); (35)}+
1
6
{(12)|(36); (45)}+
1
6
{(12)|(45); (36)} (B35)
we obtain
A(123456) := A1 + A2 + A3 + A4 , (B36)
with
A1 =
1
6
{
{(12)|(34); 56}+ {(34)|(12); 56} − {(13)|(24); 56} − {(24)|(13); 56}
}
, (B37)
A2 =
1
6
{
{(12)|(35); 46}+ {(12)|(45); 36}+ {(34)|(15); 26}+ {(34)|(25); 16}
− {(13)|(25); 46} − {(13)|(45); 26} − {(24)|(15); 36} − {(24)|(35); 16}
}
, (B38)
A3 =
1
6
{
{(12)|(36); 45}+ {(12)|(46); 35}+ {(34)|(16); 25}+ {(34)|(26); 15}
− {(13)|(26); 45} − {(13)|(46); 25} − {(24)|(16); 35} − {(24)|(36); 15}
}
, (B39)
A4 =
1
6
{
{(12)|(56); 34}+ {(34)|(56); 12} − {(13)|(56); 24} − {(24)|(56); 13}
}
. (B40)
Here we used the fact that the covariant derivatives are commutable, justified by the van-
ishing curvature tensor R¯ijkl = 0 at the vacuum. The A1 term can be computed easily by
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using the result of A(1234). The A2 and A3 terms can be computed in a manner similar to
the computations of A(12345). We obtain
A1 = A2 = A3 = −
1
2
{13|42; 56} . (B41)
The A4 term can be computed as
A4 =
1
12
{
{12|56; 34}+ {12|65; 34}+ {34|56; 12}+ {34|65; 12}
− {13|56; 24} − {13|65; 24} − {24|56; 13} − {24|65; 13}
}
=
1
12
{
{12|56; 34}+ {12|65; 34}+ {43|65; 12}+ {43|56; 12}
+ {16|53; 24}+ {15|63; 24}+ {45|62; 13}+ {46|52; 13}
}
=
1
12
{
({12|56; 34}+ {16|53; 24}) + ({12|65; 34}+ {15|63; 24})
+ ({43|65; 12}+ {45|62; 13}) + ({43|56; 12}+ {46|52; 13})
}
.
Applying the second Bianchi identity, it can be simplified further
A4 = −
1
12
{
{13|52; 64}+ {13|62; 54}+ {42|63; 15}+ {42|53; 16}
}
= −
1
12
{
{31|25; 46}+ {26|31; 45}+ {24|36; 15}+ {35|24; 16}
}
= −
1
12
{
({31|25; 46}+ {35|24; 16}) + ({26|31; 45}+ {24|36; 15})
}
=
1
12
{
{34|21; 56}+ {21|34; 65}
}
= −
1
6
{13|42; 56} . (B42)
The second Bianchi identity is used in the first- and fourth-lines in the above calculation.
Combining these results, we find the six-point amplitude can be expressed in a simple form,
A(123456) = −
5
3
{13|42; 56} . (B43)
The perturbative unitarity condition in the six-point amplitude A(123456) = 0 can now be
written in terms of the covariant derivative of the Riemann curvature
R¯i1i4i2i3;i5i6 = 0 . (B44)
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It is straightforward to generalize the calculation presented above to the perturbative
unitarity conditions in the N -point amplitude,
R¯i1i4i2i3;i5i6···iN = 0 . (B45)
Since the Taylor expansion coefficients of Rijkl(φ) are required to vanish at any order, the
N -point perturbative unitarity requires the Riemann curvature to be
Rijkl(φ) = 0 , (B46)
at least in the vicinity of the vacuum. There may exist non-perturbative essential singularity
type corrections to (B46), though.
Appendix C: Background field method
In this appendix, we briefly summarize the interaction terms used in the calculation of
the vacuum polarization functions in the background field method at the one-loop level. The
background field method is reviewed in Refs. [133–138].
We start with the lowest order (O(p2)) gauged nonlinear sigma model Lagrangian (37).
Let us first decompose φi, W aµ and Bµ into the background fields and the fluctuation fields
as
φi := φ˜i + ξi −
1
2
Γ˜i jkξ
jξk + · · · , (C1)
W aµ := W˜
a
µ +W
a
µ , (C2)
Bµ := B˜µ + Bµ , (C3)
where φ˜i, W˜ aµ , and B˜µ are the background fields. The dynamical fluctuation fields are
denoted by ξi, Waµ, and Bµ. Γ˜
i
jk represents the Christoffel symbols for the metric gij at
φ = φ˜. The metric tensor and the Killing vector fields are expanded as
gij = g˜ij +
1
3
R˜ikljξ
kξl + · · · , (C4)
wia = w˜
i
a + (w˜
i
a);jξ
j +
1
3
R˜ikljw˜
j
aξ
kξl + · · · , (C5)
yi = y˜i + (y˜i);jξ
j +
1
3
R˜iklj y˜
jξkξl + · · · , (C6)
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where g˜ij , and R˜ikjl denote the metric, and the Riemann curvature tensor evaluated at
φ = φ˜. w˜ia and y˜
i are the SU(2)W and U(1)Y Killing vectors, while (w˜
i
a);j and (y˜
i);j are the
covariant derivatives of the Killing vectors evaluated at φ = φ˜.
The Lagrangian (37) is expanded as
L = L(0) + L(1) + L(2) + · · · , (C7)
where L(n) is of order n in the fluctuation fields.
The quadratic terms L(2) is given as
L(2) =−
1
2
Waµ
(
−D˜2δabη
µν + D˜νD˜µδab − g
2
W g˜ijw˜
i
aw˜
j
bη
µν − gWW˜
cµνεabc
)
Wbν
−
1
2
Bµ
(
−∂2ηµν + ∂ν∂µ − g2Y g˜ij y˜
iy˜jηµν
)
Bν
+ gWgYW
a
µ
(
g˜ijw˜
i
ay˜
jηµν
)
Bν
+
1
2
ξi
(
−D˜2g˜ij − D˜µφ˜
kD˜µφ˜lR˜kilj − V˜;ij
)
ξj
+ 2gWW
a
µ
(
g˜jk(w˜
k
a);iD˜
µφ˜j
)
ξi
+ 2gYBµ
(
g˜jk(y˜
k);iD˜
µφ˜j
)
ξi
− gW g˜jiw˜
j
a(D˜
µWaµ)ξ
i − gY g˜jiy˜
j(∂µBµ)ξ
i , (C8)
with ηµν being the space-time metric. Here we define
D˜µW
a
µ := ∂µW
a
µ − gWε
abcW˜ bµW
c
µ, (C9)
D˜µφ˜
i := ∂µφ˜
i + gW W˜
a
µ w˜
i
a + gY B˜µy˜
i, (C10)
D˜µξ
i := ∂µξ
i + Γ˜ikj(∂µφ˜)
jξk + gWW˜
a
µ (w˜
i
a);jξ
j + gY B˜µ(y˜
i);jξ
j, (C11)
V˜;ij := V;ij
∣∣∣∣
φ=φ˜
. (C12)
In order to compute radiative corrections, we introduce the gauge fixing action,
LGF := −
1
2αW
GaWG
a
W −
1
2αY
GYGY , (C13)
where
GaW := D˜
µWaµ − gWαW g˜ijw˜
i
aξ
j, (C14)
GY := ∂
µBµ − gY αY g˜ij y˜
iξj. (C15)
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with αW and αY being gauge fixing parameters for SU(2)W and U(1)Y symmetry, respec-
tively. In the one-loop calculation performed in §. VA, we take αW = αY = 1 (’t Hooft
Feynman gauge).
We then obtain
L(2) + LGF
= −
1
2
Waµ
(
−D˜2δabη
µν +
(
1−
1
αW
)
D˜µD˜νδab − g
2
W g˜ijw˜
i
aw˜
j
bη
µν − 2gWW˜
cµνεabc
)
Wbν
−
1
2
Bµ
(
−∂2ηµν +
(
1−
1
αY
)
∂µ∂ν − g2Y g˜ij y˜
iy˜jηµν
)
Bν
+ gWgYW
a
µ
(
g˜ijw˜
i
ay˜
jηµν
)
Bν
+
1
2
ξi
(
−D˜2g˜ij − D˜µφ˜
kD˜µφ˜lR˜kilj − αWg
2
W g˜lj g˜kiw˜
l
aw˜
k
a − αY g
2
Y g˜lj g˜kiy˜
ly˜k − V˜;ij
)
ξj
+ 2gWW
a
µ
(
g˜jk(w˜
k
a);iD˜
µφ˜j
)
ξi + 2gYBµ
(
g˜jk(y˜
k);iD˜
µφ˜j
)
ξi. (C16)
We also need to introduce the Faddeev-Popov (FP) action
LFP := igW c¯
a
W
δGaW
δθbW
cbW + igY c¯Y
δGY
δθY
cY + igY c¯
a
W
δGaW
δθY
cY + igW c¯Y
δGY
δθbW
cbW , (C17)
associated with the gauge fixing term where
δGaW
δθcW
:= −
1
gW
[
(∂µδad − gWε
abdW˜ bµ)(∂µδ
dc − gW ε
decW˜ eµ) + g
2
WαW g˜ijw˜
i
aw˜
j
c
]
+O(ξ) (C18)
δGaW
δθY
:= −gWαW g˜ijw˜
i
ay˜
j +O(ξ), (C19)
δGY
δθbW
:= −gY αY g˜ij y˜
iw˜jb +O(ξ), (C20)
δGY
δθY
:= −
1
gY
(
∂2 + g2Y αY g˜ij y˜
iy˜j
)
+O(ξ). (C21)
The LFP is expanded as
LFP = i
(
(D˜µc¯aW )D˜µc
a
W − g
2
WαW g˜ijw˜
i
aw˜
j
b c¯
a
W c
b
W
)
+ i
(
(∂µc¯Y )∂µcY − g
2
Y αY g˜ij y˜
iy˜j c¯Y cY
)
− igW gY αW c¯
a
W g˜ijw˜
i
ay˜
jcY
− igW gY αY c¯Y g˜ij y˜
iw˜jac
a
W + · · · , (C22)
where
D˜µc
a
W := ∂µc
a
W − gWε
abcW˜ bµc
c
W , (C23)
D˜µc¯
a
W := ∂µc¯
a
W − gWε
abcW˜ bµc¯
c
W . (C24)
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In Eq. (C22), we only show the quadratic terms of the fluctuation fields.
The one-loop vacuum polarizations among the electroweak gauge boson can be evaluated
by using the quadratic Lagrangian, L(2) + LGF + LFP. In §. VA, we calculate the one-loop
diagrams where the internal lines are the fluctuation fields or FP ghosts.
Appendix D: f f¯ → ϕiϕj amplitude
The four-point scalar boson scattering amplitudes are described by the Riemann curvature
tensor R¯ijkl and the covariant derivatives of the potential V¯;ij, V¯;ijk, V¯;ijkl at the vacuum in
the nonlinear sigma model, as we have shown in §. III. These tensors can, therefore, be
measured through the measurements of the scalar boson scattering cross sections.
When we consider a gauged nonlinear sigma model, the derivative ∂µφ
i is replaced by the
covariant one (Dµφ)
i
(Dµφ)
i := ∂µφ
i + gV Vµ v
i(φ) , (D1)
with Vµ and v
i(φ) being a gauge field and its corresponding Killing vector. The gauge
coupling strength is denoted by gV in (D1). If the Killing vector v
i(φ) does not vanish at
the vacuum
v¯i := vi(φ)
∣∣∣∣
φ=φ¯
6= 0 , (D2)
it implies that the gauge symmetry is spontaneously broken, and the gauge boson Vµ acquires
its mass
M2V = g
2
V g¯ij (v¯
i) (v¯j) , (D3)
with
g¯ij := gij(φ)
∣∣∣∣
φ=φ¯
. (D4)
The magnitude of the Killing vector at the vacuum, g¯ij (v¯
i) (v¯j), can therefore be determined
by the gauge boson mass measurement.
How can we measure the first covariant derivative of the Killing vector
(v¯i);j := (v
i);j
∣∣∣∣
φ=φ¯
(D5)
from experimental observables in the gauged nonlinear sigma model, then? We address the
issue in this appendix and show that the process f f¯ → Vµ → ϕ
i ϕj can be used to determine
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(v¯i);j. Here we introduce a spin-1/2 fermion multiplet f . It couples with the gauge field Vµ
through its covariant derivative
Dµf := ∂µf + gV VµT
(f)
V f , (D6)
with T
(f)
V being the charge matrix of the fermion multiplet f . Note that, in order to keep
the Lagrangian gauge invariant, the fermion current
JµV := f¯γ
µT
(f)
V f (D7)
must be conserved
0 = ∂µJ
µ
V . (D8)
In order to calculate the f f¯ → Vµ → ϕ
iϕj amplitude, we consider the gauge interaction
Lagrangian
LV φ = gV Vµ gij(φ) (∂
µφi) vj(φ) , (D9)
which can be derived from the nonlinear sigma model kinetic term,
1
2
gij(φ) (Dµφ)
i (Dµφ)j ∈ L . (D10)
Expanding the scalar manifold metric gij(φ) and the Killing vector v
j(φ) by the dynamical
excitation field ϕi, we obtain
gij(φ) = g¯ij + ϕ
kg¯ij,k + · · · , (D11)
vj(φ) = v¯j + ϕk(v¯j),k + · · · , (D12)
with
g¯ij,k :=
∂
∂φk
gij
∣∣∣∣
φ=φ¯
, (v¯j),k :=
∂
∂φk
vj
∣∣∣∣
φ=φ¯
, (D13)
and
φi = φ¯i + ϕi . (D14)
The interaction Lagrangian (D9) can be expanded as
LV φ = gV Vµg¯ij (∂
µϕi) (v¯j) + gV Vµ (∂
µϕi)ϕk
(
g¯ij (v¯
j),k + g¯ij,k (v¯
j)
)
+ · · · . (D15)
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Note that on-shell amplitudes are not affected by total derivative terms in the Lagrangian.
The interaction Lagrangian (D15) can thus be replaced by
L′V φ = LV φ −
1
2
∂µ
(
gV Vµϕ
iϕk(g¯ij (v¯
j),k + g¯ij,k(v¯
j))
)
= gV Vµg¯ij(∂
µϕi)(v¯j)− gV (∂
µVµ)ϕ
iϕk(g¯ij (v¯
j),k + g¯ij,k(v¯
j))
+
1
2
gV Vµ(∂
µϕi)ϕk
(
g¯ij(v¯
j),k + g¯ij,k(v¯
j)− g¯kj(v¯
j),i − g¯kj,i(v¯
j)
)
+ · · · . (D16)
On the other hand, it is straightforward to show
gij(v
j);k − gkj(v
j);i = gij(v
j),k + gijΓ
j
klv
l − gkj(v
j),i + gkjΓ
j
ilv
l
= gij(v
j),k +
1
2
[gil,k + gki,l − gkl,i] v
l
−gkj(v
j),i −
1
2
[gkl,i + gik,l − gil,k] v
l
= gij(v
j),k + gil,k(v
l)− gkj(v
j),i − gkl,i(v
l) . (D17)
Here the Affine connection Γjkl is defined by
Γjkl =
1
2
gjm (gml,k + gkm,l − gkl,m) . (D18)
It is now easy to see
L′V φ = gV Vµg¯ij(∂
µϕi)(v¯j)− gV (∂
µVµ)ϕ
iϕk(g¯ij (v¯
j),k + g¯ij,k(v¯
j))
+
1
2
gV Vµ(∂
µϕi)ϕk
(
g¯ij(v¯
j);k − g¯kj(v¯
j);i
)
+ · · · . (D19)
Thanks to the fermion current conservation, the term proportional to ∂µVµ does not con-
tribute to the f f¯ → Vµ → ϕ
iϕj amplitude. It is now easy to show
M(f f¯ → Vµ → ϕ
iϕj) ∝
(
g¯ik(v¯
k);j − g¯jk(v¯
k);i
) g2V δab
s−M2V
. (D20)
The first covariant derivative of the Killing vector, g¯ik(v¯
k);j, thus plays the role of the Vµ-
ϕi-ϕj interaction vertex in the f f¯ → Vµ → ϕ
iϕj amplitude.
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